The aim of this paper is to describe the local Bianchi identities for an h-normal Γ-linear connection of Cartan type ∇Γ on the first-order jet space J 1 (R, M ). In this direction, we present the local expressions of the adapted components of the torsion and curvature d-tensors produced by ∇Γ and we give the general local expressions of Bianchi identities which connect these d-torsions and d-curvatures.
Introduction
It is well known that the 1-jet spaces are basic objects in the study of classical and quantum field theories. For such a reason, a lot of authors (Asanov [2] , Krupková [7] , Saunders [17] , Vondra [18] and many others) studied the differential geometry of 1-jet spaces. Going on the geometrical studies initiated by Asanov [2] and using as a pattern the Lagrangian geometrical ideas developed by Miron, Anastasiei and Bucȃtaru in the monographs [9] and [4] , the author of this paper has recently developed the Riemann-Lagrange geometry of the 1-jet spaces [13] . This is a general geometrical framework for the study of relativistic non-autonomous (rheonomic or time dependent) Lagrangians [14] or relativistic multi-time dependent Lagrangians [13] .
We underline that a classical non-autonomous (rheonomic or time dependent) Lagrangian geometry, that is a geometrization of Lagrangians depending on an absolute time, was sketched at level of ideas by Miron and Anastasiei in the last chapter of the book [9] . That classical non-autonomous Lagrangian geometry was developed further by Anastasiei and Kawaguchi [1] or Frigioiu [6] .
In what follows, we try to expose the main geometrical and physical aspects which differentiate the both geometrical theories: the jet relativistic non-autonomous Lagrangian geometry [14] and the classical non-autonomous Lagrangian geometry [9] .      t = t(t)
(1.1)
The form of the jet transformation group (1.1) stands out by the relativistic character of the time t.
Comparatively, the classical non-autonomous Lagrangian geometry from [9] has as bundle of configurations the vector bundle R × T M → M, whose local coordinates (t, x i , y i ) transform by the rules 2) where T M is the tangent bundle of the spatial manifold M .
Remark 1.2
The form of the transformation group (1.2) stands out by the absolute character of the time t.
It is obvious that the jet transformation group (1.1) from the relativistic non-autonomous Lagrangian geometry is more general and more natural than the transformation group (1.2) used in the classical non-autonomous Lagrangian geometry. The naturalness of the transformation group (1.1) comes from the fact that the relativity of time is well-known. In contrast, the transformation group (1.2) ignores the temporal reparametrizations, emphasizing in this way the absolute character of the usual time coordinate t.
From a geometrical point of view, we point out that the whole classical nonautonomous Lagrangian geometry initiated by Miron and Anastasiei [9] relies on the study of the absolute energy action functional
where L : R × T M → R is a Lagrangian function and y i = dx i /dt, whose Euler-Lagrange equations produce a semispray G i (t, x k , y k ) and a corresponding nonlinear connection
Therefore, the authors construct the adapted bases of vector and covector fields, together with the adapted components of the N -linear connections and their corresponding d-torsions and d-curvatures. But, because L(t, x i , y i ) is a real function, we deduce that the previous geometrical theory has the following impediment: -the energy action functional depends on the reparametrizations t ←→ t(t) of the same curve c. Thus, in order to avoid this inconvenience, the Finsler case imposes the 1-positive homogeneity condition [3] 
Alternatively, the relativistic non-autonomous Lagrangian geometry from [14] uses the relativistic energy action functional
where L : J 1 (R, M ) → R is a jet Lagrangian function and h 11 (t) is a Riemannian metric on the relativistic time manifold R. This functional is now independent by the reparametrizations t ←→ t(t) of the same curve c, even if L is only a function. The Euler-Lagrange equations of the Lagrangian
produce a relativistic time dependent semispray [14] 
which gives the jet nonlinear connection [11] 
With these geometrical tools we can construct in the relativistic non-autonomous Lagrangian geometry the distinguished (d-) linear connections, together with their d-torsions and d-curvatures, which naturally generalize the similar geometrical objects from the classical non-autonomous Lagrangian geometry [9] . In this respect, the author of this paper believes that the jet relativistic geometrical approach proposed in the papers [11] , [14] , [15] has more geometrical and physical meanings than the theory proposed by Miron and Anastasiei in [9] . For such a reason, the aim of this paper is to describe the Bianchi identities that govern the jet relativistic non-autonomous Lagrangian geometry [14] . These Bianchi identities are necessary for the construction of the generalized Maxwell equations that characterize the electromagnetic theory in the jet relativistic non-autonomous Lagrangian geometrical background.
In conclusion, in order to remark the main similitudes and differences between these geometrical theories, we invite the reader to compare the classical and relativistic non-autonomous Lagrangian geometries exposed in the works [9] and [14] .
As a final remark, we point out that for a lot of mathematicians (such as Crampin [5] , Krupková [7] , de Léon [8] , Sarlet [16] and others) the nonautonomous Lagrangian geometry is constructed on the first jet bundle J 1 π of a fibered manifold π : M n+1 −→ R. In their works, if (t, x i ) are the local coordinates on the n + 1-dimensional manifold M such that t is a global coordinate for the fibers of the submersion π and x i are transverse coordinates of the induced foliation, then a change of coordinates on M is given by
Altough the 1-jet extension of the transformation rules (1.3) is more general than the transformation group (1.1), the author ot this paper considers that the transformation group (1.1) is nevertheless more appropriate for his final purpose, namely: -the development of a relativistic non-autonomous Lagrangian gravitational and electromagnetic field theory which to be characterized by some generalized Einstein and Maxwell equations [14] . In this direction, we need the local Bianchi identities that govern the jet relativistic non-autonomous Lagrangian geometry [11] , [14] , [15] .
The adapted components of the jet Γ-linear connections
Let us suppose that the 1-jet space E = J 1 (R, M ) is endowed with a nonlinear connection
where the local coefficients M
(1)1 (resp., N
(1)j ) are called the temporal (resp., spatial ) components of Γ. Note that the transformation rules of the local components of the nonlinear connection are expressed by [11] 
Example 2.1 Let us consider h = (h 11 (t)) (resp., ϕ = (ϕ ij (x))) a Riemannian metric on the temporal manifold R (resp., the spatial manifold M ) and let
where h 11 = 1/h 11 , be their Christoffel symbols. Then, the set of local functions
represents a nonlinear connection on the 1-jet space J 1 (R, M ). This jet nonlinear connection is called the canonical nonlinear connection attached to the pair of Riemannian metrics (h 11 (t), ϕ ij (x)).
In the sequel, starting with the fixed nonlinear connection Γ given by (2.1), we construct the horizontal vector fields 4) and the vertical covector fields
It is easy to see now that the set of vector fields
represents a basis in the set of vector fields on J 1 (R, M ), and the set of covector fields dt, dx i , δy
represents its dual basis in the set of 1-forms on J 1 (R, M ).
Definition 2.2
The dual bases (2.6) and (2.7) are called the adapted bases attached to the nonlinear connection Γ on the 1-jet space E = J 1 (R, M ).
Remark 2.3
It is important to note that the local transformation laws of the elements of the adapted bases (2.6) and (2.7) are classical tensorial ones:
For such a reason, is our choice to describe the geometrical objects of the 1-jet space E = J 1 (R, M ) in local adapted components.
It is obvious that the Lie algebra X (E) of the vector fields on
Let us denote as h R , h M (horizontal) and v (vertical) the canonical projections produced by the above decomposition.
, which verifies the conditions ∇h R = 0, ∇h M = 0 and ∇v = 0, is called a Γ-linear connection on the 1-jet space E = J 1 (R, M ). Obviously, the local description of a Γ-linear connection ∇ on E is given by a set of nine local adapted components
(1)(j)(k) , (2.9) which are produced by the relations:
Example 2.5 Let us consider the nonlinear connectionΓ given by (2.3), produced by the pair of Riemannian metrics (h 11 (t), ϕ ij (x)). Then, the set of adapted local components
(1)(i)j , 0, 0, 0 , whereḠ
This connection is called the Berwald linear connection attached to the Riemannian metrics h 11 (t) and ϕ ij (x). Now, let ∇ be a fixed Γ-linear connection on the 1-jet space E = J 1 (R, M ), given by the adapted local components (2.9).
, whose local components transform by the rules
Example 2.7 If h 11 (t) is a Riemannian metric on the time manifold R, then the geometrical object J = J
(1)1j , where J
(1)1j = h 11 δ i j , represents a d-tensor field on the 1-jet space E = J 1 (R, M ). This is called the h-normalization d-tensor field.
The Γ-linear connection ∇ naturally induces a linear connection on the set of the d-tensors of the 1-jet vector bundle E, in the following way: − starting with X ∈ X (E) a vector field and D a d-tensor field on E, locally expressed by
we introduce the covariant derivative
(1)(l)(p) − . . . .
Definition 2.8
The local derivative operators " /1 ", " |p " and "|
(p) " are called the R-horizontal, M -horizontal and vertical covariant derivatives produced by the Γ-linear connection ∇Γ.
h-Normal Γ-linear connections
The big number (nine) of components that characterize a general Γ-linear connection ∇ on the 1-jet space E = J 1 (R, M ) determines us to consider the following geometrical concept: Definition 3.1 A Γ-linear connection ∇ on E, whose local components (2.9) verify the relations
where " /1 ", " |k " and "| In this context, we can prove the following important local geometrical result:
The components of an h-normal Γ-linear connection ∇ verify the identities:
Proof. The first three relations from (3.1) are a direct consequence of the definition of an h-normal Γ-linear connection ∇.
The condition ∇J = 0 implies the local relations
, where κ 111 = κ 1 11 h 11 represent the Christoffel symbols of first kind attached to the Riemannian metric h 11 (t). Contracting the above relations with the inverse h 11 = 1/h 11 , we obtain the last three identities from (3.1).
Remark 3.4 The Theorem 3.3 implies that an h-normal Γ-linear connection ∇ is determined by four effective local components (instead of two effective local components for an N -linear connection in the Miron-Anastasiei case [9] or [10] , pp. 21), namely
2)
The other five components of ∇ cancel or depend by the above four components, via the formulas (3.1).
Example 3.5
The canonical BerwaldΓ-linear connection associated to the pair of Riemannian metrics (h 11 (t), ϕ ij (x)) is an h-normalΓ-linear connection, defined by the local components BΓ = κ
The study of adapted components of the torsion tensor T and curvature tensor R of an arbitrary Γ-linear connection ∇ on E = J 1 (R, M ) was completely done in the paper [15] . In that paper, we proved that the torsion tensor T is determined by ten effective local d-tensors, while the curvature tensor R is determined by fifteen effective local d-tensors. In the sequel, we study the adapted components of the torsion and curvature tensors for an h-normal Γ-linear connection ∇ given by (3.2) and (3.1).
Theorem 3.6
The torsion tensor T of an h-normal Γ-linear connection ∇ on E is determined by the following eight adapted local d-tensors (instead of ten in the general case [15] , pp. 12):
ij
1
Proof. Particularizing the general local expressions from [15] (which give those ten components of the torsion tensor of a Γ-linear connection ∇, in the large) for an h-normal Γ-linear connection ∇, we deduce that the adapted local componentsT 1 1j andP
1 (1) 1(j) vanish, while the other eight ones from the Table 3 .3 are expressed by the preceding formulas.
Remark 3.7 The torsion of an N -linear connection in the Miron-Anastasiei case is characterized only by five effective adapted components (please see [9] or [10] , pp. 24). The expressions of the local curvature d-tensors of an arbitrary Γ-linear connection, together with the particular properties of an h-normal Γ-linear connection, imply a considerable reduction (from fifteen to five) of the effective local curvature d-tensors that characterize an h-normal Γ-linear connection. In other words, we have Theorem 3.9 The curvature tensor R of an h-normal Γ-linear connection ∇ on E is characterized by five effective local curvature d-tensors (instead of fifteen in the general case [15] , pp. 14):
(1)jk ,
Proof. The general formulas that express those fifteen local curvature d-tensors of an arbitrary Γ-linear connection [15] , applied to the particular case of an h-normal Γ-linear connection ∇ on E, imply the preceding formulas and the relations from the Table 3 .4.
Remark 3.10 The curvature of an N -linear connection in the Miron-Anastasiei case is characterized only by three effective adapted components (please see [9] or [10] , pp. 25).
Remark 3.11
For the BerwaldΓ-linear connection BΓ associated to the Riemannian metrics h 11 (t) and ϕ ij (x), all local curvature d-tensors vanish, except
where R l ijk (x) are the local curvature tensors of the Riemannian metric ϕ ij (x).
d-Connections of Cartan type. Local Ricci and Bianchi identities
Because of the reduced number and the simplified form of the local torsion and curvature d-tensors of an h-normal Γ-linear connection ∇ on the 1-jet space E, the number of attached local Ricci and Bianchi identities considerably simplifies. A substantial reduction of these identities obtains considering the more particular case of an h-normal Γ-linear connection of Cartan type. 
Rewriting the local Ricci identities of a Γ-linear connection ∇ (described in the large in [15] , pp. 15), for the particular case of an h-normal Γ-linear connection of Cartan type, we find a simplified form of these identities. Consequently, we obtain Theorem 4.3 The following local Ricci identities for an h-normal Γ-linear connection of Cartan type are true:
1k
where 
Then, a direct calculation leads to [9] or [10] , pp. 80) are true:
Remark 4.6 The identities (4.2) are used in the description of generalized Maxwell equations that govern the electromagnetic 2-form [14] produced by a relativistic time dependent Lagrangian on the 1-jet space E = J 1 (R, M ).
The using of h-normal Γ-linear connections of Cartan type in the study of differential geometry of the 1-jet vector bundle E = J 1 (R, M ) is also convenient because the number and the form of the local Bianchi identities associated to such connections are considerably simplified. In fact, we have:
The following nineteen effective local Bianchi identities for the h-normal Γ-linear connections of Cartan type ∇ given by (3.2) are true:
(1)1(p) = 0, (1) i(j)(k) = 0, 
(k) = 0, where {i,j,k} represents a cyclic sum and A {i,j} represents an alternate sum.
Proof. Let (X A ) = δ/δt, δ/δx i , ∂/∂y i 1 be the adapted basis of vector fields produced by the nonlinear connection (2.1). Let ∇ be the h-normal Γ-linear connection of Cartan type given by (3.2) . For the linear connection ∇ the following general local Bianchi identities are true [9] , [12] : 
by laborious local computations, we obtain the required Bianchi identities.
Remark 4.8 The above eleven "star"-Bianchi identities are exactly those eleven Bianchi identities that characterize the canonical metrical Cartan connection of a Finsler space (please see [10] , pp.48).
Remark 4.9 The importance of preceding Bianchi identities for an h-normal Γ-linear connection of Cartan type ∇ on the 1-jet space J 1 (R, M ) comes from their using in the local description of the generalized Maxwell equations (please see [14] , pp. 161) that characterize an electromagnetic field in the background of relativistic non-autonomous Lagrange geometry.
